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ABSTRACT

The topic of this paper is concentrated on the problem of mechanics of a deformed solid. In the first part we
solved equilibrium equations of a transversal isotropic plate with initial stresses under mixed conditions on
planar faces where we applied the method of decomposition of the sought functions into Fourier series by
Legendre polynomials. Normal displacement and tangent voltage were assumed to be zero. In the second part we
proposed a method of representing the general analytical solution of the obtained equilibrium equations.
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INTRODUCTION

Initial stresses are widely used in solving problems of a formed solid [2, 3]. In [4, 5],
a method for constructing equations of anisotropic shells and plates with initial (residual)
stresses is outlined. It is based on the method of decomposition of sought functions into
Fourier series by Legendre polynomials of thickness coordinate [8]. With respect to the
coefficients of expansions, a system of differential equations and corresponding boundary
conditions were obtained as a function of two independent variables. On this basis, in [6]
a solution to the problem of the stress state of a transversal-isotropic plate with initial stresses
weakened by a circular cylindrical cavity was found.

MATERIAL AND METHODS

The cavity surface and flat faces are free of external forces, and at infinity the plate is subject
to constant tensile and shear forces. In this work, by the method of decomposition of the
sought functions into Fourier series by Legendre polynomials, we derive the equation of the
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elastic equilibrium of a transversal-isotropic plate with initial stresses at the sliding finishing
of plane faces (with zero of normal displacement and tangential stresses). The method of
representing the general analytical solution of the obtained system of differential equations is
presented.

RESULTS AND DISCUSSION
1 Equilibrium equations

Assume that the plate is related to the Cartesian coordinate system x; (i = 1,2,3),and it is
located on the median plane S coinciding with the isotropy plane, and x, €[-h,h]. The
frontal boundary planes x; =+ are slidably fixed, i.e.

uy(x,,x,,2h)=0, oy, (x,x,,2h)=0 (@ =1.2) , (1.1)
and the boundary conditions on the cylindrical surface 0S x[—h, k] are arbitrary.
For the problem, we use the method of decomposition of the components of the vector of
displacements u j(xl,xz,x3) into the Fourier series by Legendre polynomials P,(¢) of the

thickness coordinate. Consider, given the boundary conditions (1.1), the components of the
displacement vector in the form

ua=ﬁu£">(x)k Z% (B ()~ B (o) (1.2)

And we present the components of the stress tensor as follows
N
0= o 6)R () (13)
k=0

where x =(x,,x,)e S, ¢=h"x, e[-11], uﬁk)(x), algk)(x) - coefficients of expansions, called
moments (the moment number corresponds to the order of the Legendre polynomial), N —is a
natural number which we shall consider even N =2n (n :1,2,...(00). With respect to the

coefficients of expansions 0',5 ), u_gk), a system of differential equations and corresponding

boundary conditions is composed as a function of two independent variables. For a transversal
isotropic plate, it splits into two independent groups of equations describing, respectively,
symmetric and obliquely symmetric (relative to the median plane S) deformations of the plate.
In symmetric deformation, taking into account boundary conditions (1.1), it has the form [6]

8,02 — (4k +1)h 203 =0 (B=12; k=0,,..,n)

(1.4)

k-1

ao_(zk ) (4k l)h z gs)Jr%(G;ng;}):O (k=1,...,n),

a~ a3
s=0

where 0, =0/0x,, 0y, 03— is the normal stress on the planes x, =h, x, =—h .

Consider a plate with a homogeneous field of initial stresses Py(o), and assume that

P )—constforz—] and P() 0,ifi=j.

g
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Based on the equations [1]

o, = ,ﬂmau +pl,6/u (1.5)

where ¢, - the elastic modulus tensor, we obtain, taking into account the expansions (1.2),

the relations for a transversal-isotropic plate with a homogeneous field of initial stresses,
hence

Z[(c“+ PO+, = (41 + 1), h ul | B, ()

Z[clzen (e, 80+ pO )R — (41 4+ 1)e h ul ] By (2)

2[013(8“ T £80)= (4 +1)cyy + P U] By (2), (1.6)
Z[(C66+p11)5 +euel | PO, Z[%e«%z g+ PB R + ] (),

2[044 +p11 Zl ! +C44h ”121 ]le 1 , 03 = 2[0445132] ) C44 +p§3 712?1)]]32171(4)

_ (0) (211 ! 21] [ (21-1) | 21]
3= Z[(CM +p22 +eyh le 1 ’ O3 = z Caa623 C44 +p33 h Pzz 1
=1

Here
2(221) :(41_1)2":%23) ) giﬂ 8 ul; (21) ) 5,21 R (u321 1) u§21_3)),

s=I

C115Cppse-r Cos — two-Index designations of elastic constants, i.e.

¢

O3

L =Cii11s Cla = Ciaps-sCes = Cipy, - From relations (1.6) it follows that

+t 03 = 22 [013(‘911 + 5§2 )) (4k + 1)(033 + ng))hilugzkil)] . (1.7)

Multiplying (1.6) by Legendre polynomials and integrating over the plate thickness, we obtain
a relation connecting the moments of the stress components and the displacement vector, i.e.

0'1(12") = (c11 + pl(?))s(%) + clzggk) - (4k + 1)c13h‘1u§2k“),

o2 =, 1 (¢, + p© el — (4 + Ve b ult Y,

o = ¢, (e + &2y — (4k +1)(cys + PO u32k_1),

3 = (cgg + PV + ool o) = cogel3) + (g + P,

o8 = ey + P + e ul; o1 = 60 4 (g + P I

O-gk Y= (644 + pgg))e(zk )+ Cuh” ”(22k) O-gk Y= C445§§k R (044 + pgg))hilﬂ(;k)-

Substituting (1.7), (1.8) into equations (1.4), we obtain such a system of equations

(1.8)
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2. (2k)
(666 + pl((l))) ;:2 + (066 + pgg))
1

2,20 e
o + (C12 + cé())
2

a

(1.9)
4k +1 o L +p
- [(c13+c44) A s Zﬂh ~0 (@=1,2; k=0,n}

a

(u (2k-1) (2k73))
(c44+p11) : 52 =

0) n
Ml 1[c13+c442z” %2(4”1)142“} 0 (k=1,n)
n

s=k s=k

) (u32k 1) §2k—3))

+(C44+p22/ o
X,

+
(1.10)

where (%Y =6u® /ox, +ou® / ox,, p*) — absolute constant.

® {S(ZS —1) J<s<k;

s (1.11)
k(2k-1) ,k<s<n.

52,21 2,,2k=1) .
(044 + pl((l))) 53 ;— t (044 + pgg)) : ;—+ Zﬁz(l;)[(cl3 +Cy )E(z -
X axz s=1
_(As+D(eys + J0) 25
4 3

Assuming pY = p{9 and introducing complex variables z = x, +ix,, z=x, —ix,, we Wwrite

(1.12)

]1=0.

equations (1.9) and (1.12) in this way

CgsAuEer) +2(cp, + Céﬁ)a;ﬁk - (4k + l)h_] [20'6445;u§2k4)

, (1.13)
+ 544h712132(];)”£2s)] =0 (k =0, n)’
s=1
AU+ 1S B e, 00 — (45 + DEU =0 (k=1,n), (1.14)
s=1
Here A =40_0- - is the Laplace operator, 20, =0/ 0x, —id/ 0x,, 20, =0/ 0x, +i0/ 0Ox,.
ul® =R 10 = g 4 PH) 4 o ), (1.15)
Cag =Cyy t+ pl(l)’ Cos = Cos + p1(1)a =Cy t p§3),c33 Cy3+ pgg),c. = (013 + C44)/c44~

2 General analytical solution

We present a method for representing a general analytical solution to the system of equations
(1.13), (1.14). We write equalities (1.14) in the form

Zﬂh 1) = b, (k=1,n), 2.1)

where
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by =~ p D G5 $ (454 1)) 2.2)

c'cy c'eyh'S
and define the values of the functions
1 1
= (b -b )-—(b. b )(k=1n-1) 23
b)) =) 23

o) —
dn—-1

(bn - bnfl )

From here, taking into account expression (2.2), we find
K(Zk) _ C;;4h 1 A(u(2k+1) _u(Zk—l)) _ 1 A(u(Zk—l) _ u(2k—3))] + (4k + 1)533 u(Zk—l),

c'c, 4k+3 ’ 4k—1"" ’ ceyh 0 2.4)

E(Zn) —_ C;4h A(u(Zn—l) u (2n-3) ) (47’1 + 1)033 (2n- 1)‘
(4n-lc'e, ’ c'cyh “

We apply the operation 0. to equation (1.13) and in the resulting equality we consider the
real part. Taking into account the formula (1.15), we obtain

Al =0 (k=0) (2.5)

A = (4 + DR [ e M 4 E Y =0 (k=1,n) (2.6)
s=1

It follows from (2.5) that
©

co! =e&,u, (2.7)

where u — arbitrary harmonic function, @ = 2c}, /(c,, + C¢ )-

Equalities (2.6), taking into account the values of (2.4), are transformed to

A _ 2(4k+1) AARED 4 1 AAu32k -3) (4k+1)ac33 A 2k )

4k+3 (4k—1)(4k+3) ’ 4k —1 e’
4k +1)8,,C,y & @8)
_ ( :’_ .)C3:C44 2(4 +1) . 28‘ 1 O (k :1’ n _1l
CiiCash s=1
1 _ - (4n+1)c.

AA u(2n 1)_u(2n 3\ 3 aAu 2nl 4s+1 (25-1) 0 (k=n
20T ) - 2 B 1= 0 (k =),
Introducing the notation, ¢l =u, (k=12,.,n), we represent the system (2.8) in

standard form in this way
kszk(A)uk = 0 (p = 1’27"-:”) s (29)
=1
where L, (A) - differential operators of the form
L, (A)=a, h'A+B A+, (2.10)
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Q> B> ¥ i — dimensionless constants whose explicit expressions are easy to write out.

To solve the system of equations (2.9), we use the operator method [7]. Consider the
characteristic equation

det|ar, k” + Bk +7,| = 0 2.11)
And we will assume that it has simple, non-zero roots £, (m = 1,2,...,2n). Then, using the

same method [6], we ﬁnd

066u32k 2 202" Uy (2.12)
where V, - meta-harmomc functions satisfying the equalities

AV, —k, 7V, =0, (2.13)
and ¢ — constants defined by algebraic complements of elements of some line of the
determinant

2
ik + Bk, +

nxn

According to (2. 12) the moments of deformations (2.4) take the form

coshe™ ZC o, (2.14)
where
ijk) C44km [L Cr(nZkH) _ 2(4k+1) Cr(nZk_l) 4 1 C;(nzk_3)] N (4k :L e, C’(;k_l);
c'cyy 4k +3 (4k —1)(4k +3) 4k -1 c'ey, @.15)
(2n) _ L(C(Z" 1) _ o(2n-3) ) (4n +1)c;s o2
" (4n-1)c’c,, " ce,,

If we take a harmonic function u in the form of the real part of some harmonic function ¢'(z)
(the prime denotes the derivative with respect to the variable), i.e.

u= (/"(Z)+m and take into account formula (1.15), then equalities (2.7) and (2.14) can be
represented in this way

066(6 ul® + o u. )=

9(2)+ o)}

[2

—) (2.16)
Ceg (6Zu( Kt o.ul )= 5 a®AV  (k=1,n)
m=1
From here we find the moments of the components of the displacement vector
cﬁéu(o) =& (p(z)+ ihd.y,,
(2.17)

ceu hZazkaV +ihd.y, (k=1n),
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where a,(nz) 2k, 1c2) v, —arbitrary, sufficiently smooth real functions. They must be

chosen so that equations (1.13) are satisfied. Therefore, if we introduce in (1.13) the values of
the moments (2.7), (2.12), (2.14) and (2.17), we obtain the equalities

O-Ay, = 4ih™ ¢"(2), (2.18)
0-U, =0 (k=1n) (2.19)

where U, = X, +iY, — complex function, the real part of which is a linear combination of

metagarmonic functions V_, 1i.e.

2n
X, =¢, .00, (e, =,/ 2¢esh) (2.20)
m=1
and the imaginary part is determined by the formula
4k +1
Y, =Ay, - 2044 Zﬁ2s Vs - (2.21)
66h s=1
Here
0(2k) _ a(Zk)k _ (4k+1){2 . 2k 1) + C4 Zﬂz j| (222)
) o

2k)

It is easy to verify that the constants Ofn are identically equal to zero for Vk e [l,n]. This

follows from the fulfillment of equalities (2.6), taking into account the linear independence of
meta-harmonic functions V, . According to (2.18), we have

¥o =i [z0(2)~ 20(z) + 1o (D)~ (2)]. (2.23)

where l//O(Z)— arbitrary holomorphic function; equation (2.19) after integration over the
variable is reduced to the equality

U, = /i(2), (2.24)
in which arbitrary analytic functions fk(z) are denoted. It follows from the last equality that
the real part U, should be a harmonic function, and since it is identically equal to zero, then
Re[f,(z)] =0, therefore, f, =ic,. Given that the functions y, are determined up to constant

terms, we can set the constants ¢, to zero. Thus, from the equalities Y, =0 we obtain the
system of equations, which we write in the standard form this way

Zn:(qkl ~8,*A, =0 (k=1n), (2.25)

=1
where 6, - Kronecker symbol, ¢, = (4k+l),6’2, Cay / Cg -
Consider the characteristic equation

det|g, — A5,| =0 (2.26)

and assume that it has simple and non-zero roots A . Then, by the above method, we find

functions y,, 1.e.
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v =D b 0w, (2.27)
s=1
where w, — meta-harmonic functions satisfying the equalities
Aw, — AW w, =0, (2.28)

constants bS(Zk) are determined by algebraic complements of elements of some line of the
determinant

|le X

According to formulas (2.23) and (2.27), the moments of the variable uiz”) take the form
Ceeugro) = &.(P(Z) —2¢(z) - y(z);
2n n
cu? =h> a0, v, +ih> b, w,,
m=1 s=1
where y(z)=vy(z), & =1+z..

Thus, the values of functions (2.12), (2.14) and (2.29), together with equalities (2.13) and
(2.28), constitute the general solution of the system of equations (1.13), (1.14).

(2.29)

CONCLUSIONS

We applied method of decomposition of unknown functions into Fourier series, in the
Legendre exposition of polynomials we took into account equations of equilibrium elasticity
of the transversely isotropic plate with initial stresses at mixed conditions on the flat borders.
We supposed the normal transference and touch stresses equal to zero. We proposed method
of presentation of universal analytic solution of received equations. Found solution allows
describing the stress state on the surface of a transversally isotropic plate.

REFERENCES

[1] Bolotin, V. V. (1970). Variational principles of the theory of elastic stability. In Problems of the
Mechanics of a Deformable Solid. Leningrad, pp. 83-88 (in Russian).

[2] Brunsev, E. & Robertson, S. (1974). Mindlin type plates with initial stresses. Rocket technology and
astronautics.

[3] Guz, A. (1996). Complex potentials in problems of the theory of elasticity for bodies with initial
stresses. Prikl. Mechanics, 32, No. 12, Kyev.

[4] Homa, 1. (1998). About the development of mathematical theory of shells with cob loads. Scientific
problems of mathematics. Materials of the International Sciences, conference. Chernivtsi , Kiev.

[5] Khoma, I. (1996). Equations of the generalized theory of shells with initial stresses. Int. Appl. Mech.,
32, Nell, Kyev.

[6] Lee P. C. Y., Wang Y. S. & Markenscoff, X. (1975). High-frequency vibration of crystal plates under
initial stresses. J. Acoust. Soc. Amer., 57, 95. Doi: https://doi.org/10.1121/1.380406

[7] Levy, E. (1940). On linear elliptic partial differential equations. Uspekhi Mat. Sciences, Vol. 8,
Moskow.

[8] Vekua, I. N. (1965). Theory of thin shallow shells of variable thickness. Trudy Tbhilis. Mat. Univ. (AM
Razmadze), 30.

Slovak University of Agriculture in Nitra :: Department of Mathematics, Faculty of Economics and Management :: 2019

68



