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ABSTRACT

This contribution deals with the generalized convergent harmonic series with three
periodically repeated numerators; i.e. with periodically repeated numerators (1,a, b},
where a, b € R. Firstly, it is derived that the only value of the coefficient b, for which this
series converges, isb = —a — 1. Then the formula for the sum s(a) of this series is
analytically derived. A relation for calculation the value of the constant a € R from an
arbitrary sum s(a) also follows from the derived formula. The obtained analytical results are
finally numerically verified by using the computer algebra system Maple 15 and its basic
programming language.

KEYWORDS : harmonic series, alternating harmonic series, geometric series, sum of the series

JEL CLASSIFICATION: 130

INTRODUCTION

Let us recall the basic terms and notions. The harmonic series is the sum of reciprocals of all
natural numbers except zero (see e.g. web page [4]), so this is the series

oo

21—1+1+1+ +1+
n 2 3 n )
n=1
The divergence of this series can be easily proved e.g. by using the integral test or the
comparison test of convergence.

The series
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iIs known as the alternating harmonic series. This series converges by the alternating series
test. In particular, the sum (interesting information about sum of series can be found e.g. in

book [2] or paper [1]) is equal to the natural logarithm of 2:
1 ! + t 2 + ! =In2
2'3 45 e

This formula is a special case of the Mercator series, the Taylor series for the natural
logarithm:

The series converges to the natural logarithm (shifted by 1) whenever —1 < x =< 1.
MATERIAL AND METHODS

Sum of generalized alternating harmonic series with three periodically repeated
numerators

We deal with the numerical series of the form

oo

Z(l +a: +b)_
In—2 3n—1 3n/

n=1

b 1 b 1
373757877
where a, b € R are appropriate constants for which the series (1) converges. This series we
shall call generalized convergent harmonic series with periodically repeated
numerators (1,a, b). We determine the values of the numerators a. &, for which the series (1)

converges, and the sum of this series.
The power series corresponding to the series (1) has evidently the form

T P P P P P O A L 1
12 5 3 9 10 11 12 ’ (1)

oo

Z xﬂn—ﬂ + MEH_1+ bxﬂn B
L\3n—2 3n—1 3n a
_x+ax2+bx3+x4+ax5+bx6+x?+axs+bx9+ .
12 3 4 5 6& 7 8 9 ' (2)

We denote its sum by s(x). The series (2) is for x € (—1,1) absolutely convergent, so we can
rearrange it and rewrite it in the form

- In

In-2 i xIn-1 - x
- bz . 3
s(x] ZEH—2+aZEH—1+ 3n []

n=1 n=1

If we differentiate the series (3) term-by-term, where x € (—1,1), we get

oo oo oo

s'(x]=Zx3”_3 -I-az xE”_2+bZ ginl (4)

n=1 n=1 n=1
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After reindexing and fine arrangement the series (4) for x € (—1,1) we obtain

oo oo oo
f — In an b Z an
s'(x)= ) x™4+ax » x" +bx x",
n=>0 n=>0 n

- =0
that is

sf(xj=(1+m+bx212(xﬁjn. (5)

When we summate the convergent geometric series (11) which has the first term 1 and the
ratio x*, where |x*| < 1, i.e. for x € (—1,1), we get

. 1
s(x)=(1+ax+ bx‘]l

— xﬂ'

We convert this fraction using the CAS Maple 15 to partial fractions and get
l1+a+b (1+a-—2b)x 2—a—b
3(1—x) 3(14+x+x%) 3(1+x+=x7)’

where x € (—1,1). The sum s(x) of the series (2) we obtain by integration in the form

s'(x) =

B 1+a+b (1+a-—2b)x 2—a—=»~b
Stx]_f(g(l—xj 3(1+ x4+ x%) 3(1—|—x+x2j)

l1+a+b 1+a—2b .
=—+1n[1—x]++1n[1+x +x°) +

1—a 2x+1
+ ——arctan ——
V3 V3

From the condition =(0) = 0 we obtain
c— (a—1)mw

G \."E

1

hence

+bh+1 —-2b+1 .
s(x) = —aTln[l—x] —I-EITln(l-i-x-i-x‘]

a—1 2x+1 (a—1)mw
— arctan—— + — (6)
V3 V3 63

Now, we will deal with the convergence of the series (2) in the right point x = 1. After
substitution x = 1 to the power series (2) — it can be done by the extended version of Abel’s
theorem (see [5], p. 23) — we get the numerical series (1). By the integral test we can prove
that the series (1) converges if and only if a + b+ 1 = 0. After simplification the equation
(6), where b = —a — 1, we have

1+ a . 1—a 2x+1 =
s(x) = In(1+x+x")+— (arctan — ——).
2 V3 V3 6

For x = 1, because arctan(3/v/3) = =/3 and after re-mark s(1) as s(a), we get a simple
formula

14+ [3(1—
4z V3d-ar

2 18 ()

s(a) =
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RESULTS AND DISCUSSION
Numerical results

We have solved the problem to determine the sum s(a) above of the convergent numerical
series (1) for several values of a (and for b = —a — 1) by using the basic programming
language of the computer algebra system Maple 15. It was used the following simple
procedure sumgenharlab:

sumgenharlab:=proc(t,a)
local r,k,s;

s:=0;

r:=0;

for k from 1 to t do

r:=1/(3*k-2) + a/(3*k-1) - (a+1l)/(3*k);
Ss:=s+r;

end do;

print ("t=",k-1,"s(",a,")=",evalf[20] (s));

end proc:

A:=[0,1,2,3,4,5,6,7,8,9,10,100,-1,-2,-3,-4,-5,-6,-7,-8, -9,-10, -
100,1/2,-1/2,
1/3,-1/3,1/4,-1/4,1/5,-1/5,1/6,-1/6,1/7,-1/7,1/8,-1/8, 1/8,1/9, -

1/9,1/10,-1/10]:

for a in A do
sumgenharlab (10000, a) ;
sumgenharlab (100000, a) ;
sumgenharlab (1000000, a) ;
end do;

The results of this procedure can be written into three following tables, where the number of

the used triplets
1 a a+1

3n—2 3m—1 3n

is denoted by t, the corresponding computed sum is denoted by s(t, a) and the sums s{a) are
evaluated by means of the formula (7). The approximative values of the differences
|A(a)| between the computed values of the sums s(1000000,a) and the sums s(a) and the
relative  quantification accuracy r(a) of the sumss(1000000,a), i.e. the
ratio |A(a)/s(1000000,a)|, are stated in two last columns of the tables 1, 2, and 3.

Very small difference both |A(—2)| and accuracy r(—2) of the sum s(1000000,—2) are
caused by the fact that the triplet

1 2 . 1 2
In—2 3n—1 3n (3n—2)(3n—1)3n

is a fraction with small constant numerator independent of the variable n.
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Table 1 The approximate values of the sums of the generalized harmonic series with three periodically repeating
numerators (1. a. —a — 17 for some non-negative integers o

a b $(10000,a) | s(100000,a) | s(1000000,a) s(a) |A(a)| r(a)
0 —1] 08515838 | 0.8516038 0.8516058 || 0.8516060 | 2-10~7|2-10"7
1 —2 | 1.0985790 | 1.0986090 1.0986120 || 1.0986123 |[ 3-1077| 3-1077
9 —3 | 1.3455741 | 1.3456141 1.3456181 || 1.3456185 || 4-1077| 3-107
3 —4 | 15925692 | 1.5926192 1.5926242 || 1.5926248 || 6-10~7| 4-1077
4 -5 1.8395644 | 1.8396244 1.8396304 || 1.8396310 || 6-1077| 3-10"7
5 —6 || 2.0865595 | 2.0866295 2.0866365 || 2.0866373 | 8-1077| 4-1077
6 —7 || 23335547 | 2.3336347 2.3336427 || 2.3336435 | 8-10"7| 3-1077
7 —8 | 25805498 | 2.5806398 2.5806488 || 2.5806498 1076 4.1077
8 -9 | 2.8275449 | 2.8276449 2.8276549 || 2.8276560 1076 4.1077
9| —10| 3.0745401 | 3.0746501 3.0746611 || 3.0746623 107%| 3.1077
10| —11 | 3.3215352 | 3.3216552 3.3216672 || 3.3216685 10~5| 3:10~7

100 | —101 || 25.5510978 | 25.5521177 25.5522197 || 25.5522311 1073 4.10°7

Table 2 The approximate values of the sums of the generalized harmonic series with three periodically repeating

numerators (1, &, —a — 17} for some negative integers a

a b $(10000, a) $(100000,a) | s(1000000,a) s(a) |A(a) r(a)
-1/ 0 0.604 588 7 0.604 598 7 0.604 599 7 0.604 599 8 1077 2-1077
-2 1 0.3575935[|  0.3575935||  0.3575935||  0.3575935|f 4-1071| 10713
137 41270 137 779 35 |37 783 01 137 783 05
-3 2 0.110 598 4 0.110 5884 0.110 587 4 0.110 5873 10-7 | 2: 1076
—4| 3| —0.1363967 | —0.1364167 | —0.1364187 | —0.1364190 || 3-10~7 | 2-10~°
—5| 4| —0.3833919 | —0.3834219 | —0.3834249 | —0.3834252 || 3-1077 | 8-1077
—6| 5| —0.6303870 | —0.6304270 | —0.6304310 | —0.6304315 || 5-10"7 | 81077
—7| 6| —0.8773822 | —0.8774322 | —0.8774372 | —0.8774377 || 5-1077 | 6-1077
—8| 7| -1.1243773 | —1.1244373 | —1.1244433 | —1.1244440 || 7-10"7 [ 6-10~7
—9| 8| —1.3713724 | —1.3714424 | —1.3714494 | —1.3714502 || 8-10~7 | 6-1077
-10| 9| -1.6183676 | —1.6184476 | —1.6184556 | —1.6184565 | 9-1077 | 6-1077
—100 | 99 || —23.8479301 | —23.8489101 | —23.8490081 | —23.8490190 107° [ 4-1077

Table 3 The approximate values of the sums of the generalized harmonic series with three periodically repeating
numerators (1. . —a — 17 for some a in the fractional form

a b $(10000,a) | (100000, a) | s(1000000,a) s(a) |A(a)] r(a)
1/2 | —3/2| 09750814 | 0.9751064 0.9751089 | 0.9751092 |[ 3-1077 | 3-1077
1/3| —4/3] 09339155 | 0.9339389 0.9339412 | 09339415 |[ 3-10~7 | 3-1077
1/4 | —5/4| 09133326 | 0.9133551 0.9133574 | 0.9133576 || 2-10~7 | 2- 1077
1/5| —6/5] 0.9009828 | 0.9010048 0.901 0070 | 0.9010073 || 3-10~7 | 3-107
1/6 | —7/6| 0.8927497 | 0.8927713 0.8927735 | 0.8927737 || 2-10~7 | 2- 107
1/7| —8/7 0.8868688 | 0.8868903 0.8868924 | 0.8868926 || 2-10~7 | 2- 1077
1/8| —9/8| 0.8824582 | 0.8824795 0.8824816 | 0.8824818 || 2-1077 | 2-1077
1/9 | —10/9 || 0.8790277 | 0.8790488 0.8790509 | 0.8790512 || 3-10~7 | 3-10~7
1/10 | —11/10 || 0.8762833 | 0.876 3043 0.876 3064 | 0.8763067 || 3-10~7 | 3-107
—1/2 | —1/2| 0.7280862 | 0.7281012 0.7281027 | 0.7281029 || 2-10~7 | 3- 1077
-1/3 | —2/3 | 0.7692521 | 0.7692688 0.769 2704 | 0.7692706 || 2-10~7 | 3-107
—1/4| —3/4 | 0.7898350 | 0.7898525 0.789854 3 | 0.7898545 || 2-10~7 | 3107
-1/5| —4/5| 0.8021848 | 0.8022028 0.8022046 | 0.8022048 || 2-10~7 | 2- 1077
-1/6 | —5/6 || 0.8104180 | 0.8104363 0.8104381 | 0.8104383 || 2-10~7 | 2- 1077
—1/7| —6/7| 0.8162988 | 0.8163174 0.8163192 | 0.8163194 |[ 2-1077 [ 2-1077
-1/8 | —7/8 | 0.8207094 | 0.8207282 0.8207300 | 0.8207303 || 3-10~7 | 4-107
-1/9 | —8/9 | 0.8241399 | 0.8241588 0.8241607 | 0.8241609 || 2-10~7 | 2- 1077
—~1/10 | —9/10 || 0.8268843 | 0.8269033 0.826 9052 | 0.8269054 || 2-10~7 | 2- 1077
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Computation of 126 values s(10000,a), s(100000,a), s(1000000,a) above took about 74
800 seconds, i.e. almost 20 hours 47 minutes. The relative quantification accuracies r(a) of

the sums s(1000000,a) are, except the valuer(—2), approximately between
2-10"%and2-1077,

CONCLUSIONS

In this paper we dealt with the generalized convergent harmonic series with three periodically
repeated numerators (1,a, &), where a, b € R, i.e. with the series

oo

Z( 1 N a +b)_1+a+b+1+a+b+1+a+b+
in—2 3n-—-1 3n_1 2 3 4 5 & 7 8 9 )

n=1
We derived that the only value of the coefficient b € R, for which this series converges,
is b =—a — 1, and we also derived that the sum of this series is determined by the formula

S(a) :1+_a.|n3+M.
2

This formula allows determine other sums whose three periodically repeated numerators need
not be (1,a, —a — 1), but also (k. I, —k — I) for arbitrary k,I € R, at least one nonzero. For
example, the series
i( L 5)_4+1 5,4,1 5,41 5,
3n—2 3n—1 3n/ 1 2 3 4 5 6 7 8 9

n=1
has the sum
5(41,-5)=4-5(1,1/4,—5/4) = 4- 5(1/4) = 6.3705.

Finally, we verified the main result by computing some sums by using the CAS Maple 15 and
its basic programming language. These generalized alternating harmonic series so belong to
special types of convergent infinite series, such as geometric and telescoping series, which
sum can be found analytically and also presented by means of a simple numerical expression.
From the derived formula above it follows that

6v3s(a) —3vV3In3—=n
a = — .
3IVv3iln3—m
This relation allows calculate the value of the constant a for a given sum s(a), as illustrates
the following table:

Table 4 The approximate values of the constant a for some sums =s(a’} of the generalized harmonic series with
three periodically repeating numerators (1, @ —a — 17}, where g2 = (1 ++/3)/2 =1.618033 ...

s(a) a s(a) a s(a) a s(a) a s(a) a |
1| 0.600770 6 | 20.843173 —1| —7.496191 —6 | —27.738 594 0] 1.098612
2| 4.649 251 7| 24.891653 —2 | —11.544 672 -7 | —31.787074 m | 9.270 966
3| 8.697731 8128940134 || —3 | —15.593152 | —8 | —35.835555 e | 7.557201
4| 12.746 212 9| 32988614 || —4 | —19.641633 | —9 | —39.884035 ¢ | 3.102869
5 | 16.794 692 10 | 37.037095 || —5 | —23.690113 | —10 | —43.932516 || In3 | 1
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